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Energy estimates are given for two classes of viscoplastic models-independent or 
dependent on the plastic work. The estimates are obtained by attaching viscoelastic 
models to the viscoplastic ones and constructing for the first ones positive definite 
free energy functions. The energy estimates for our problems always imply L* 
estimates for the stress and particle velocity. The estimates for the strain may or 
may not be LJ’, p > 2, depending.on the structure of the “elastic” set. The approach 
to the “equilibrium” or to the rate-independent plasticity theory is also discussed. 
This approach is strongly dependent on the way the constitutive equation is depen- 
dent on the “over stress” function. For the examples most frequently used in the 
literature we prove that the approach is in Lp sense, where p is a fixed number 
1 <P-K co. However, we show that for the other two existing “extreme” examples 
the approach is in L2 sense or in the L’ sense only. 0 1988 Academic Press, Inc 
1. THE STATEMENT OF THE PROBLEMS AND 
THE DESCRIPTION OF THE RESULTS 
We shall discuss here two categories of initial and boundary value 
problems. The first one refers to viscoelastic and viscoplastic behavior 
which can be described by a constitutive equation independent of the 
plastic work. For the second one we consider constitutive equations which 
are dependent on the plastic work. 
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In the first category we consider the following class of initial and boun- 
dary value problems: 
a& a0 ----cc 
at ax O<x<l, t>o 
$E$=G(6,0) 
v(x, 0) = IlO( a(x, 0) = GO(X), &(X, 0) = &O(X), O<x<l (l.ld) 
a(0, t) v(0, t) = a(/, t) u(l, t) = 0, t 3 0. (l.le) 
Here the unknown functions E and e have the meaning of strain and stress, 
respectively. v is related to the particle velocity. p is the mass density and it 
is a positive constant or a positive function of the spatial coordinate x. b 
and c are considered as given functions of x and of the time t. E is a 
positive constant called the dynamic Young’s modulus. The continuous 
function G(E, a) is a constitutive function which for the sake of simplicity 
we suppose is delined on the whole R2. 
Equation (l.la) expresses the balance of momentum law. Equation 
(l.lb) is a compatibility condition. Equation (1.1~) is a rate-type con- 
stitutive equation which may describe certain viscoelastic and viscoplastic 
behavior of real bodies (see, for instance, Cristescu and Suliciu [3]). 
The class ( 1.1) of initial and boundary value problems includes, for 
instance, the problem when ~(0, t) = cr(l, t) = 0, t 2 0. In this case one can 
take c z 0 and then u is exactly the particle velocity and b is the body force. 
In order to discuss the second category of initial and boundary value 
problems we define the plastic strain and the rate of plastic work by 
i?‘=.z--cr/E and k=& > (1.2) 
respectively. 
An initial-boundary value problem for the unknown functions, u, 0, E, 
and rc is stated similarly to (1.1 ), i.e., 
(1.3a) 
av a0 
p at-ax=pbv 
a& av ---EC 
at ax ' O<x<l 
a0 -- 
at EaE z = G(E, (T, ~1, o<t<co 
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i?K 1 
- = - 2 oG( E, 0, ti), 
dt 
(1.3d) 
u(x, 0) = u*(x), a(x, 0) = a*(x), t.(x, 0) = &O(X), 
K(X, 0) = K”(X) 2 0, O<xXl, 
a(0, t) u(0, t) = a(/, t) u(l, t) = 0, t 3 0. 
(1.3e) 
(1.3f) 
We note that Eqs. (1.3c)-( 1.3d) define .sp and I? as in (1.2). 
Since usually the plastic work is assumed to be a positive quantity, 
K E [0, co) and the rate of plastic work must be nonnegative, we assume 
that G(E, CJ, K) is defined such that 
G(E, 0, K) d 0 for 030, 
G(E, 6, K) b 0 for o<O, 
(1.4) 
for any EE(-OS, co) and any ICE [0, co). 
We introduce the following notation for the kernel of the functions 
G(E, c), G(E, CJ, rc) entering the constitutive equation (l.lc), (1.3~) 
d = {(E, ~)/G(E, 0) = 0, (E, 6) E R’}, 
8 = {(E, 0, K)/G(E, (r, K) = 0, (E, CJ) E R2, K 2 O}. 
(1.5) 
The set 8 is called the elastic set or the equilibrium set. 
Since G(E, 0, K) is defined such that (1.4) is satisfied, it follows that the 
halfplane, cr = 0, E E ( - co, cc), K > 0 from R3, is in 8’. 
We give here a typical example one may encounter in such a theory. 
Suppose we have given a continuous and increasing function 
q(~) 2 CT,” = const >O for KE [0, Co) (1.6) 
and a continuous function 
k(&, 0, K) 2 k, = const >O, EE(-CO, Co), [CT/ hT,o, K>o. (1.7) 
Then 
G(E, CJ, K) = 
i 
--k(E, 6, K)(b + fJy(K)), fJ< -Jyb), 
0, 101 <(Q&d, (1.8) 
-‘% (‘9 K)(g - ‘J,,(K)), 0 > by(K). 
In this example the open and nonempty set ((6, CJ, K)/EE (- co, CQ), 
((~1 < C,(K), K > 0} t R3 is in 8’. 
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In what follows, we suppose that the intersection of d with any straight 
line parallel to E = 0 (if d is given by (1.5), )’ or parallel to E = 0, K = 0 (if &’ 
is given by (1.5),) is a convex set, respectively. 
If the set 8 in (1.5), reduces to a single curve in R2 then (1.1~) may 
describe viscoelastic models only; otherwise (1.1~) or (1.3c)-( 1.3d) describe 
viscoplastic models. 
In the next two sections we present the energy equation for the con- 
stitutive equations (1.1~) and (1.3~) and the energy identities for the 
systems (l.la)-(1.1~) and (1.3a)-(1.3d). Then we attach to the viscoplastic 
models a viscoelastic one and construct for this a positive definite free 
energy function (Section 3). Here we also extend the results of [2] to the 
case when the equilibrium curve of the viscoelastic model may have 
negative slope and therefore our results may be applicable to the bodies 
which have, in quasistatic experiments, “ironlike” behavior. 
In Sections 4 and 5 we prove that the free energy function of viscoelastic 
model of Section 3 is an energy function for both viscoplastic models and 
we give the estimates in total energy for the smooth solutions of the 
problems (1.1) and (1.3). These estimates may also hold when the solutions 
for our problems are regarded in a broader class of functions than smooth 
solutions, but we do not discuss this problem here. 
We note that in [ 1 ] it was first observed that a viscoplastic model of 
type (1.1~) may admit a positive definite free energy function. 
Finally, we study the behavior of the solution when a Maxwell-type 
viscosity coefficient becomes very large, i.e., the approach to “equilibrium.” 
We show by examples that this approach is strongly dependent on the way 
the constitutive function G depends on the “overstress” function. 
Our energy estimates may be useful (though not always sufficient) in 
proving existence theorems. Note also that the right-hand sides of (1.1~) 
and (1.3c)-(1.3d) may have large growth when 1~~1 + E (~1 + co. However, 
the energy estimates we obtain show that the total energy stays bounded 
when the input data are bounded. This fact may allow the extensions of the 
local existence theorems to global ones. We do not discuss these problems 
here. 
2. THE ENERGY AND ENERGY IDENTITIES 
The constitutive equation (1.1~) will generate a free energy function if 
there is a smooth function $: R2 -P (-co, co) such that (see Gurtin, 
Williams, and Suliciu [4]) 
z+Et$a,p, 
all/(&, a) 
~ G(E, o)<o. aa (2.1) 
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We suppose here that the constitutive equation (1.1~) has at least such a 
function. (The problem of the existence of the solutions of (2.1) for different 
functions G is discussed in Gurtin, Williams, and Suliciu [4], Suliciu [2], 
Flciu and Mihailescu-Suliciu [5]). When (2.1) has a solution we can 
introduce the density of the total energy by 
(2.2) 
and we can attach to the system ( l.la)-( 1. lc) the following energy identity 
(see Suliciu [Z] ) 
-$pe*(v,o,~))--&cm)-pyG(e,o)=pbu+ca. (2.3) 
This energy identity suggests that depending on the properties of the 
function $(E, a) one may obtain useful estimates in energy for the solution 
of the problem (1.1). 
In the viscoelastic case, i.e., when G(E, (T) vanishes along a single curve in 
R2, (E, (T = R(E)), E E (- co, co), such estimates for 0 = R(E) smooth and 
0 < R’(E) < E are given by Suliciu [2]. In FBciu and Mihailescu-Suliciu [S] 
necessary and sufficient conditions for R(E) continuous only are given, such 
that the above estimates exist. Depending on the properties of the product 
(a$/&) G in (2.1), one may obtain from (2.3) an approach to nonlinear 
elasticity when a Maxwell-type viscosity coefficient becomes very large 
(Suliciu [2] ). In FBciu and Mihailescu-Suliciu [ 51, this result is extended 
to the case when R(E) is only continuous and a condition on it is given 
such that &(E, o) is bigger than some Euclidean norm in the strain-stress 
plane. 
We also observe that a direct energy identity can be written for the 
problem (1.3). We multiply (1.3aj by u and (1.3~) by o/E and sum up the 
obtained equations together with (1.3d) and take into account (1.3b) to get 
the “standard” identity 
a 
( 
v2 a2 
> 
a 
z p y+z+K -ax (ov)=pbv+co. (2.4) 
On the other hand, for the system (1.3a)-( 1.3~) we can write in the same 
way as we did for the system (l.la)-(1.1~) the energy identity 
p ;+p+ a) --& (au)-p y$ > G(E, 6, K) = pbv + cc, (2.5) 
where $(E, a) is a solution of the energy equation (2.1),. 
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In the next section we discuss a class of rate-type viscoelastic models 
which are appropriate to both viscoplastic problems (1.1) and (1.3). 
Then we shall give the energy estimates for these problems. Also 
uniqueness and continuous dependence on the input data of problem (1.1) 
can be proved under the hypothesis that G(E, a) in (1.1~) is globally 
Lipschitz. These last results can not be extended in a similar manner for the 
problem (1.3). 
3. A CLASS OF VISCOELASTIC CONSTITUTIVE EQUATIONS 
APPROPRIATE TO VISCOPLASTIC MODELS 
It was observed elsewhere (Gurtin, Williams, and Suliciu [4]) that the 
free energy constructed as a solution of (2.1) is determined by the structure 
of the kernel of the function G only and otherwise it is independent of the 
value of this function except for its sign. On the other hand, for viscoplastic 
models (1.1~) and (1.3~) the kernel of the function G contains an open set 
in R2. 
To any continuous curve (a, R(E)), E E (-co, co) such that G(E, R(E)) = 0 
or G(E, R(E), K) = 0 for all E E (-cc, co) and K E [0, cc) one may attach to 
the above viscoplastic models a viscoelastic one defining a new constitutive 
function 
GV(c, o)= -k(a- R(E)), k = const > 0. (3.1) 
Now substituting Gv(s, a) instead of G(E, a) in (2.1) one can seek 
smooth and positive definite solutions of this problem. Such a solution will 
provide a “good” energy functions for the problems (1.1) and (1.3). 
For our purpose we shall consider the case when R(E) entering (3.1) is 
continuous and piecewise smooth, such that everywhere R'(E) exists, it 
satisfies 
-M<R'(E)<E~<E, R(O)=O, and also 
I 
' R(s)ds>O (3.2) 
0 
for any E, where M and E, are positive constants. Then for such an R(E), 
the function 
where 
P+v(G a)=g+cpv(o-EC), (3.3) 
(3.4) 
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and 
h(z) = h l(t), h(&) = R(E) - EE (3.5) 
is a smooth and positive solution of (2.1), . (The condition (3.2) allow us to 
give here a direct proof simpler than in [S].) 
In order to show that the function (3.3) is an energy function for our 
constitutive equations (1.1~) and (1.3~) we shall prove a formula 
(analogous to the one obtained by Suliciu [2]) verified by piitiv/aa. But 
before doing that we need another result. 
The following Lagrange formula holds. Let J [a, b] --, ( - co, co), a < h, 
be continuous and piecewise smooth with bounded derivatives, then there 
is a real number m such that 
f(b) -f(a) = m(b - ~1, (3.6) 
where 
inf f’(x+O)dmd sup f’(x*O). (3.7) 
XE Co,hl x t [o, b] 
Proof: Let x0=0 <x, < . . . <xi< ... <x,=b, where xi, i= 1, . . . . 
n - 1, are the points of jump discontinuities for f’(x). Then 
Let 
Then 
~1 = mjn f’(5,), B = my f'(ti), 
Now multiplying by (xi - x,+ ,) and summing up we get 
a(b-a)~~f’(5,)(xi-xi-*)~P(b-a), cl<rndjl. 
1 
The function @JE, a) given by (3.3) constructed by means of a function 
R(E) verifying (3.2) has the following property: For any fixed point (E, a) in 
the strain-stress plane 
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A4 El 
(3.8) 
-E(E+M)'tidE(E-E,)' 
This property also shows that $,(E, rr) is an energy function for the 
viscoelastic constitutive equation (3.1). 
Proof From (3.3~(3.5) we can write 
p a*,(6 4 
a0 =;+d(o-E4=;+p;(h(a)+o-R(e)). 
We introduce the function 
La-) = d(h(&) + 4a - WE))), AE co, 11 
and apply to it the above Lagrange formula to obtain 
where 
~(1) = cp:(a - E&l, p(0) = qqh(&)) = - f R(h(h(E))) = - f R(E), 
m = i /L’(Xi)(Ai-lb- I), 
i=l 
0 = lo < /I, < . . . < A, = 1, Ai- 1 < xi < &, 
and Ai, i= 1, . . . . n, are determined in an obvious manner by the piecewise 
smoothness of R: 
p'(Xi)= (~:)(h(~)+Ai(c-R(E)))(c-R(E)). 
But everywhere where R(h(z)) is smooth 
R’@(r)) 
"(5)=E[E-R'(h(z)) 
Thus 
(3.9) 
f q$(h(~)+&(o--R(~)))(il~-A~-~) (a-R(~))=ti(o--R(E)) 
i=l 1 
362 SULICIU AND $ABAC 
and 
where 
m= i q:l(h(E)+Xi(cT-R(&)))(~i-~i~,) 
i= I 
and 
mjn qz(h(&) + Xi(o-R(E))) \ < fi < max tp:‘(h(.s) + &(a - R(E))). 
Therefore by (3.2), from (3.9) we obtain - M/[E(E+ M)] < fi < 
E,/[E(E- E,)], which proves (3.8). Moreover, as a consequence of (3.8), 
we have 
This proves that the function I(/“(&, a) determined above is a free energy 
function for our viscoelastic model. It is positive for any (a, 0) # (0, 0) 
according to (3.2) and $,(O, 0) = 0. 
Here we consider a family of simple functions d = R(E) for which the 
explicit form of the function $,(E, a) in (3.3) can be written down and 
besides that, most of the known models of form (1.1~) or (1.3~) have the 
property that G = 0 when c = R(E), with R(E) as below. Moreover, as it will 
be shown in the next sections Ic/(s, a) thus constructed will be an energy 
function for the viscoplastic models. 
We define 
i 
-u+(E-+Y, 
E 
E< -Eyr 
R(E)= { EOG I&l s Ey, (3.10) 
( .+tE 
O&y - a) 6, 
E ’ 
Ey < 4 
where 
Ey > 0, E>E,>O, O<a<(E+E,)t+ (3.11) 
When a= Eoey the viscoelastic model (3.1), (3.10), (3.11) may be 
associated to ‘the viscoplastic model of Sokolovskii [6]. When a = 2Eo&, 
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the function R(E) is smooth and it was used by Malvern [7] for his 
viscoplastic model. When a = 0 the viscoelastic model and the 
corresponding viscoplastic one may be used to describe certain metal 
behavior at high constant temperature. 
We note that for a # 2E,,&, the curve c = R(E) has jump discontinuities of 
slope at E = +-E,,. The slope is nonnegative everywhere for a 2 E&,, but it 
is negative for 0 <a < EO.cy and (~1 > E,,. 
We see that R(E) defined by (3.10)-(3.11) verifies (3.2) with 
M=E+O, El=E, for O<U<E~E,, 
and 
M= 0, E,=E-E,<E 
EY 
for Eo~,cu<(E+E,)~,,. 
The explicit form of the function $,(a, a) when R(E) is given by 
(3.10)-(3.11) is described by (3.3~(3.5), where 
B -u-E&+;, &< -Ey, 
z =/Z(E)= R(E)-EC= -(E-&,)G l&l G Ey, (3.12) 
B u-E&+;, E>Ey, 
B = (&,E~ - a) ey; 
-u-~-[(z-u)~+4Efl]"~, T< -(E-E&, 
Id G (E-E,) E,, (3.13) 
u--z+[(t+~)~+4Ej?]"~ -W-&by, 
With the notation 
)J(s)=pTzg, E= -;(~EE,-a), (3.14) 
364 SULICIU AND $ABAC 
the solution of (3.13) is 
2 
-UT-+; (T-a)y(z-a)-2Efilog 
T-U+y(T-U) 
WOE, - a) I 
+ c, 
T < -(I?- E,) E> 
q,(T) =& ' & T2, 
i 
ITi < (E- Eo) E., 
0 
a?-f+f(T+U)y(T+U)+2E~lOg 
T+U+y(T+U) 
GEE, I + 2, 
I T > (E- Eo) 6-v 
for O<U-=IE~E~; 
Eot2 
h(T) = 
2E(E- E,)’ 
y ( ,T, _ (E-y %), 
for a = E,E, and 
(3.15) 
ITI d (E- Eo) Ed, 
(3.16) 
ITI > (E- Eo) ey, 
)‘(T-a)-T+U +c 1 GEE, ’ 
T < -(E-E,) E,, 
cp,(z) =& & T2, ITI < (E- Eo) E,, 
0 
T2 1 
a+T+2(t+a)y(r+a)+2Efilog 
y(T+U)+T+U 
2E5, I 
+ E, 
I T > (E - Eo) Ey, 
(3.17) 
for EO~y<u<(E+Eo)~,. 
4. VISCOPLASTIC THEORIES INDEPENDENT OF THE PLASTIC WORK 
Let 8’ of (1.5) be the kernel of the function G(E, CT) defining the con- 
stitutive equation (1.1~). A very important point of a viscoplastic theory is 
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the structure of this elastic set b. We suppose that the intersection of d 
with any straight line parallel to E = 0 is a connected set. Moreover, G(E, a) 
is defined such that it is stable from above and from below the elastic set 
(see also Gurtin, Williams, and Suliciu [4]), i.e., for any fixed E, 
G(E, u) < 0 for all o>a+(s)=sup{z 1 (z,s)Eb} 
G(E, u) > 0 for all a<a-(s)=inf{z 1 (t,s)E&}. 
(4.1) 
We introduce now the “overstress function” (or the deviation from the 
equilibrium) in the following way: for any fixed E E (- 00, co), 
d(s,f~)= inf 10---zI 20. (4.2) 
r, (E,T)ER 
Since G(E, a) is continuous we see that (E, a) E d if and only if d(.s, a) = 0. 
Now we suppose that the elastic set I contains a continuous and 
piecewise smooth curve (E, R(E)), EE (-cc, co), such that (3.2) is verified. 
Then the free energy function for the viscoelastic constitutive equation (3.1) 
is a smooth and positive definite energy function for the viscoplastic 
constitutive equation ( 1. lc). 
Indeed the energy equation (2.1), is verified. As we have observed 
A(&, a) = 0 if and only if G(E, a) = 0. Then under the assumption (4.1) 
on the function G(E, a) and by using (3.8) and taking into account that 
l/E + fi > l/(E + M) we can write 
= ;+m I(a-R(E))G(E, a)1 
( ) 
& A(&, u) IWE, a)1 20. 
Hence 
-p $“(EY a) - G(E, a) > bM 48, a) lG(&, 011 a 0 (4.6) 
u 
and (2.1), holds. 
Now from the energy identity .(2.3) and (4.6) we can write the energy 
inequality 
a v2 a2 
5 p y+E+cP,(u-E&) -g (av)<pbv+co. 
( > 
(4.7) 
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We introduce the total energy of a solution (E, C, a) of (1.1) at time 
t>O, by 
+ v,(o(x, t) - E&(x, t)) 1 dx (4.8) 
and denote 
a(t) = I’ (Ec2(x, t) + pb2(x, t)) dx 
[ 1 
112 
. 
0 
(4.9) 
Then in the same way as in Suliciu [2] by using (4.7), we obtain 
i e(t) < 1’ (pbv + ccr) dx < fi m a(t). 
0 
Hence 
&jF)<JSfiC)+$ j’a(s)ds for any t 2 0. (4.10) 
0 
Let us integrate the energy identity (2.3) with respect to x on [0, I] and 
take into account (4.10) to get 
O+pf+(c,c)dx=j’(pbv+crr)dx--$e(r) 
0 0 
<&(fia(r)+$a(i) 6 a(s)ds)-ge(r). 
Since e(t) > 0, we have 
@ ~~~~-~~G(~,~)~(~+~~~a(s)ds)~ for any t>O (4.11) 
and by using (4.6) we obtain 
’ ff I &4x, s), 0.(x, s)) IGW, s),~x, s))l dx ds 0 0 
<(E+M)[~+$~‘a(s)ds] for any t>O. (4.12) 
0 
The inequality (4.10) says that the total energy at any time t > 0 stays 
bounded by the input data. This boundedness is independent of the 
behavior of G(E, o) for (E, a) 4 8; more precisely, we obtain the same boun- 
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dedness for two functions Gi, G2 which satisfy (4.1) if their corresponding 
kernels (elastic sets) contain the same piecewise smooth curve (E, R(E)), 
E E (-co, 00) such that (3.2) holds. Moreover, for a given function G(E, a) 
one can obtain different bounds for different piecewise smooth curves 
contained in the elastic set. The boundedness in energy for the stress and 
particle velocity implies their boundedness in the L2 sense. 
Concerning the boundedness for the strain, similar conclusions cannot 
be drawn. The way it is bounded depends entirely on the structure of the 
elastic set. If, for instance, the elastic set contains the straight line 
(E, R(E) = &,s), EE (- co, 03) 0 <E, < E, then the strain itself will be L2 
bounded by the input data. In the case of Sokolovskii and Malvern models, 
the energy boundedness implies only L’-boundedness of the strain, as one 
can see from the example considered in Section 3. If the elastic set is such 
that only a curve (E, R(E)) of form (3.10) with a= 0 and ay >O can be 
contained in 6 then the energy bound on strain implies a “logarithmic” 
boundedness of strain. 
These facts are consequences of the behavior at infinity of the function 
rp, given by (3.15), (3.16), or (3.17). For instance, if cpV is given by (3.15) 
we distinguish two cases: when a > 0, the largest integer p > 0 such that 
is p = 1; when a = 0 then we have, for large enough Jt(, 
loidc 14 ) < Cl cp,(r), 
where c, c1 are positive constants. 
In the first case (a > 0) there exist L > 0 and zi > 0 such that IzI < Lcp(z) 
for every r, IrI > ri. If u(x, t), ~(x, t), E(X, t) verify the inequality 
I[ dp 
v2 fJ2 
T+z+cp,(o-E~) dxcikf 1 
for a fixed t > 0, we have 
f 
I I I 
u2(x, t) dx < M,, 
f 
rs2dx<M2, 
I 
cp,(o - EC) dx < M. 
0 0 0 
We consider the set 
A,, = {x; 10(x, t) - JWX, 01 > r, > 
and write 
M> ‘cpJo--Ee)dx.j 
f 
~,(a-Ec)dx2; j- la-E&l dx, 
0 4 “11 
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since cp, is a positive function. On the other hand, 
where CA,, is the complementary set of A,, in [0, I]. Therefore there exists 
M’>O (M’=LM+Ir,) such that 
s 
’ la-E&l dx<M’. 
0 
Since the integral of rr2 on [0, I] is bounded 
j’ l&(x, t)l dx < A4” = (M’ + &l)/E. 
0 
This shows that E( ., t) E L’. 
In the second case (a=O) we obtain for a fixed point 
n>n, > 1, 
t g0 and every 
log 10(x, t) - E&(x, t)] dx < M, 
Therefore, 
A,, = {x; la@, t) - E&(x, t)l > n>. 
14(x; 14x, t) - -Wx, t)l > n>, <M&g n, 
where p is the Lebesgue measure on (-co, co) and M, is a constant 
independent of n. This means that the measure of the set of the points 
XE [0,1], where the difference a(x, t) - E&(x, t) exceeds a given large 
number n is decreasing with n as l/log n. 
The inequality (4.12) says that the way G(E, a) behaves with respect to 
the overstress function will describe the way the equilibrium (i.e., the elastic 
domain) is approached. 
The behavior of G with respect to overstress function will be described 
by the behavior of the ratio G(E, o)/d(.s, u), (E, a) $ B. We suppose that 
IG(&, ~11 ak.f(dk, a), ~1 (6 0) 4 8, (4.13) 
where f is a positive function and k a positive constant (a viscosity 
coefficient). Most of the examples considered in the literature enter the 
following three categories (see, for instance, Cristescu and Suliciu 
[3, Chap. II, Section 2, and Chap. V, Section 1): 
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(I) f(Z, E) = zn. Most of the examples fall into this category. 
However, there are other two extreme examples: 
(II) f(z, E) = exp( -do/z), d, a positive constant (see Kuriyama and 
Kawata [S], and also Cirstescu and Suliciu [3, Example (2.2.18)], where 
the constant “a” there should be negative and eventually n = 1); 
(III) j(z, E)= -(l/log[z/y(s) + z]), where Y(E) is a continuous 
function Y(E) >y,, = const > 0 (see Suliciu [9], and also Cristecu and 
Suliciu [3, Examples (5.1.13)]). 
From (4.12) and (4.13) we obtain 
I 1 
li A(&, a)f(A(&, 01, E) dx ds 0 0 
<y [fi+$ j; .(s)ds] for any 220. (4.14) 
The inequality (4.14) says that there is an approach to the equilibrium 
when k -+ cc (i.e., when we want to consider a rate independent plasticity 
theory as a limiting case of a rate dependent one or when the viscosity 
coefficient of the material is large with respect to the modulae E and M 
and with respect to the measure of the input data, [fi+ (a/2) 
Jb 4s) ds12). 
In case (I) this approach takes place in the L”+ ’ sense. When G is linear 
in overstress, the approach is in the L* sense. For G smooth enough, the 
approach is Lp, p > 2. When G is such that a relaxation process takes place 
in a finite time (in the sense of Suliciu [9]), then the approach to the 
equilibrium is in Lp, 1 <p < 2, for 0 < n < 1. 
In case (II) G(s, a) may be of C” class on R2 but the approach to the 
equilibrium when k increases, can take place in an L’ sense only. Indeed, 
we choose 0 < I < 1 and consider R2 subsets 
and 
A,= {(x, s); exp(-dolA)>I, XE CO, 11, 3~ CO, tl} 
CA;.= {(x, ~);exp(-d,/d)<A,x~ [0,1],s~ [O, t]) 
= {(x, s); A G -do/log I, x E [0, I], s E [0, t] > 
then from (4.14) we have 
I I 
A exp( -do/A) dx ds < 51 
h’(t) 
Aexp(-d,/A)dxds~- 
0 0 k ’ 
where N(t)/k denotes the right-hand side of (4.14). 
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If we take A = l/& for large enough k, 
I / 
ss 
N(t) A(E(x, s), a(x, s)) dx ds 6 - 
do It 
~ 
0 0 Ji +*og3. 
In case (III) the relaxation process takes place in a finite time and from 
(4.14) it follows that the approach to the equilibrium is in the L2 sense if 
y(s) is bounded. 
Indeed for any z, 0 <z < 1, we have 
o< -logz<i- 1. 
Z 
Therefore, since 0 < d/(d + y ) < 1, 
4~ ~1 a,~)+Y I > 48, a) (E) 
and by (4.14) we obtain 
f  ’ A*(&, CJ) 1s - dxds<- 0 0 Y(E) E;M [m+$[ 0 u(s) ds]‘. 
If y is a bounded function (y(s) < y, = const for every E) this inequality 
shows that 
f I 
fi 
A*(&, 0) dx ds 6 Y,(E+ Ml 
0 0 k 
[fi++ 1; .(,,ds]*. 
5. VISCOPLASTIC THEORIES DEPENDENT ON THE PLASTIC WORK 
We suppose as in Section 4 that the elastic set d of G(E, (T, K) defining the 
constitutive equation (1.3c), has the property that the intersection of 8 
with any straight line (&=const, C, K =const), CJE (-co, co) is a convex 
set. We also assume that G(E, cr, K) is stable in stress with respect to the 
elastic set, i.e., for any fixed (E, K) E ( - 00, co) x [O, co), 
G(E, c, K)<O for all Q>c+(E, lc)=sup(r ) (8, T, rc)EfF} 
r 
(5.1) 
G(E, CT, K)> 0 for all o<o-(E, ~)=inf{7 1 (E, 7, K)Ec?). 
T 
The overstress function is introduced similarly to (4.2), i.e., for any fixed 
EE(-co, co) and KE[O, co) 
A(&, 6, K) = ~ (,FL)EI k-1 30. (5.2) 
, . . 
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The same behavior of the ratio (G(E, 0, xc)1 /A(&, cr, K), (E, C, K) EC!? may be 
encountered as those described by (4.13) and (Ik(III), where G(E, a) is 
substituted by G(E, 0, JC) and d(s, a) by d(.s, 0, K). 
Here we can also suppose that the elastic set d contains a continuous 
and piecewise smooth surface (E, R(E), rc), E E (-co, co), KE [0, cc) such 
that (3.2) is verified. (This assumption can be realized in the example (1.8), 
since o,(O) 2 $20). Then the function (3.3) is a smooth and positive 
definite energy function for the constitutive equation (1.3~). The proof of 
this fact goes the same way as in Section 4. 
We introduce here the notation 
The energy identity (2.4) leads to the following inequality 
(5.3) 
(5.4) 
which says that the stress and particle velocity are bounded in L2 sense by 
the input data and also K(., t) stays L’ bounded by the input data. 
An energy bound of the form (4.10) is also obtained, which will give 
bounds for strain as was discussed in Section 4. The approach to the 
equilibrium is governed by the same type of inequalities as (4.14), where 
d (6, a) is replaced by A(&, 0, K). 
Now if we subtract the energy identity (2.4) from (2.5) and take into 
account that &(E, a) is given by (3.3) and it verifies (2.1),, i.e., 
we find that 
0 < Cp,( -EE’(X, t)) < K(X, t) - K’(X) + c&(O”(X) - E&‘(X)). (5.5) 
This inequality gives pointwise limitations on the magnitude of the 
plastic strain by the plastic work developed over the initial plastic work. 
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